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a b s t r a c t

An efficient and utmost utilization of currently scarce and underutilized radio spectrum
resources has stimulated the introduction of what has been coined Cognitive Radio (CR)
access methodologies and implementations. While the long-established approach has been
based on licensed (or primary) spectrum access, this new communication paradigm
enables an opportunistic secondary access to shared spectrum resources provided mutual
interference is kept below acceptable levels. In this paper we address the problem of pri-
mary-secondary spectrum sharing in cognitive radio access networks using a framework
based on a Discrete Time Markov Chain (DTMC) model. Its applicability and advantages
with respect to other approaches is explained and further justified. Spectrum awareness
of primary activity by the secondary users is based on spectrum sensing techniques, which
are modeled in order to capture sensing errors in the form of false-alarm and missed-detec-
tion. Model validation is successfully achieved by means of a system-level simulator which
is able to capture the system behavior with high degree of accuracy. Parameter dependen-
cies and potential tradeoffs are identified enabling an enhanced operation for both primary
and secondary users. The suitability of the specified model is justified while allowing a
wide range of extended implementations and enhanced capabilities to be considered.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

The key purpose of dynamic spectrum management is
to maximize spectrum reuse amongst users while ensuring
that mutual interference between them remains at accept-
able levels [1]. This notion has been motivated by the spo-
radic use of particular spectrum bands while others are
profusely used. In this sense, the traditional fixed spectrum
assignment to a licensee which has exclusive exploitation
rights for a particular spectrum range may not be satisfac-
tory to respond to the new radio use context that requires
enhancement in spectrum efficiency and can lead to spec-
trum underutilization [2]. Consequently, new technical ad-
vances are focused on the development of strategies and
. All rights reserved.
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policies aiming to the utmost and efficient access to shared
spectrum resources. Such new developments are usually
coined under the global term of cognitive radio networks,
which includes a set of different approaches and imple-
mentation alternatives [3].

In this paper we tackle the problem of dynamic spec-
trum access considering the Hierarchical Access Model
[3], where the licensed (or primary) spectrum is opened
to secondary users (SUs) provided the interference over
the primary users (PUs, or licensees) is kept under accept-
able limits. In addition, two approaches for spectrum shar-
ing have been devised: Spectrum Underlay and Spectrum
Overlay. Spectrum underlay aims at operating below the
floor noise of primary users by using ultra-wideband
(UWB) techniques which, on the other hand, limits the
transmitted power by secondary users. As for spectrum
overlay, it targets at spatio-temporal spectrum holes by
allowing secondary users to identify and exploit them in
a non-intrusive manner. In the remainder of the paper, it
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will be assumed that spectrum overlay is used as a basis of
our model.

From a regulatory perspective, the Federal Communica-
tions Commission (FCC) in the U.S. and Ofcom in the U.K.
are currently considering the use of cognitive radio tech-
nologies [4]. Accordingly, the unlicensed use of VHF and
UHF TV bands, provided no harmful interference is caused,
was targeted by the FCC in [5]. This was a first milestone in
the development of the IEEE 802.22 standard, proposing a
cognitive radio-based physical and medium access control
(MAC) layer for use of TV spectrum bands by license-ex-
empt devices on a non-interfering basis [6]. Furthermore,
the IEEE activities in developing architectural concepts
and specifications for network management interoperabil-
ity, including CR and dynamic spectrum access, are ad-
dressed by SCC41/P1900 standardization groups [7].
Finally, many operative standards such as WiFi (IEEE
802.11), Zigbee (IEEE 802.15.4), and WiMAX (IEEE
802.16) already include some degree of CR technology to-
day [4], in the form of coexistence among radios, Dynamic
Frequency Selection (DFS) and Power Control (PC).

The primary-secondary (P-S) spectrum sharing opera-
tion can take the form of cooperation or coexistence. Coop-
eration means there is explicit communication and
coordination between primary and secondary systems,
and coexistence means there is none [8]. When sharing is
based on coexistence, secondary devices are essentially
invisible to the primary. Thus, all of the complexity of shar-
ing is handled by the secondary and no changes to the pri-
mary system are needed. Among the different forms of
coexistence, we adopt the opportunistic exploitation of
white spaces in spatial–temporal domain sustained on
spectrum sensing, coordination with peers and fast spec-
trum handover, i.e. the spectrum overlay case. As for coop-
eration, again different forms of P-S interactions are
possible. For example, spatial–temporal white spaces can
be signaled through a common control channel from the
primary network side, such as the Cognitive Pilot Channel
(CPC) or the CSCC (Common Spectrum Coordination Chan-
nel) [9–14], which would provide primary spectrum usage
information to SUs. In addition, the interaction between
PUs and SUs provides an opportunity for the license-holder
to demand payment according to the different quality-of-
service grades offered to SUs.

In the abovementioned context, the use of Markov mod-
els becomes an important aid in modeling problems deal-
ing with the dynamic access to shared spectrum
resources. In this sense, a significant number of papers in
the literature have been devoted to the characterization
of such scenarios using Markov models as, e.g., in [15–21]1.

Work in [15–17], which employ similar CTMC-based
models considering infinite, [15], and finite, [16,17], popu-
lation models, assume perfect spectrum sensing conditions,
i.e. free from sensing errors. In this respect, our contribution
goes further in considering the effect of erroneous sensing
given by false-alarm and missed-detection probabilities.

In turn, work in [18,19] also assume CTMC-based mod-
els. Therefore, as the transition rates of the CTMC indicate,
1 Work in [15] should be considered along with amendments in [22].
these works consider that sensing information is instantly
available upon user arrival. In this paper, the DTMC allows
to capture the sensing instants and the effect of sensing
information ageing into the model. This is because in a
DTMC we observe the system at discrete time instants
which, in our proposed model, correspond to the periodic
sensing instants. In addition, work in [18,19] considers
false-alarm and missed-detection probabilities as numeri-
cal inputs with no explicit reference to any particular sens-
ing mechanism (e.g. energy detection, pilot detection, etc.
[23]). Conversely, our work adopts an energy-based detec-
tor for sensing implementation in Rayleigh fading, [24,25]
from which false-alarm and missed-detection probabilities
are extracted, thus offering a wider applicability range and
a higher degree of practicality.

Finally, although not strictly related to our work, in
[20,21], CTMC models are used to characterize the interac-
tions between primary and secondary users where random
spectrum access protocols, as opposed to channelization
schemes considered herein, are proposed and evaluated.
In this sense, sensing errors along with sensing periodicity
and ageing issues are not considered.

In this work, a Markovian framework based on Discrete
Time Markov Chains (DTMC) to evaluate the opportunistic
spectrum access in a P-S spectrum sharing scenario is pro-
posed. The rationale behind using DTMCs instead of CTMCs
is based on the fact that sensing mechanisms operate on a
periodic time basis, and where the sensing periodicity is an
important design parameter. Therefore, the DTMC models,
which observe the state of the system at discrete-time in-
stants, can accurately model the proposed scenarios by
considering the observation instants of the DTMC as the
sensing instants.

Model validation and evaluation studies considering
several parameter dependency issues and tradeoffs are ad-
dressed in this paper revealing the usefulness of the pro-
posed model for cognitive radio networks system design,
realization and operation. In particular, relevant parame-
ters are identified that influence the performance of the
spectrum sharing model. Among these, sensing periodicity
(how often do we sense?) and sensing accuracy (how well do
we sense?) are shown to be key parameters that greatly af-
fect the behavior of the system. In addition, this work re-
flects the importance of time-sharing between spectrum
sensing (for how long do we sense?) and data transmission
(for how long do we transmit?), which tradeoffs the sensing
accuracy with the obtained throughput, thus leading to
possible parameter optimization which will be also ad-
dressed in this work. Finally, the awareness of both pri-
mary and secondary traffic load distributions also enables
to identify optimized parameter values for an overall en-
hanced network operation as will be shown in the
following.

The remainder of the paper is organized as follows. In
Section 2 the system model is described along with the
considered procedures and the implementation approach.
Subsequently, in Section 3, the DTMC model is formulated
along with the main hypothesis and considerations. A
number of relevant performance metrics are derived in
Section 4 which will be evaluated numerically in Section
5. Finally, Section 6 concludes the paper with some final
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remarks and future considerations. For the sake of read-
ability, in Appendix A, Table A.2 contains the notation used
in this paper.
2. System model

The considered system involves a Primary Network
(PN), serving PUs, and a Secondary Network (SN), serving
SUs. Both the PN and the SN operate autonomously and
each network implements efficient protocols for the cor-
rect and coordinated operation among their own users
(i.e. PUs and SUs respectively). Thus, the PN is aware of
the spectrum occupancy by PUs and, correspondingly, the
SN is aware of the spectrum occupancy of SUs. The PN
has been assigned a total number of C channels, partition-
ing a certain frequency bandwidth. SUs can make use of
free channels; though PUs have strict priority over SUs
(i.e. if a SU is using a given channel and this channel is re-
quired by a PU, then the SU must release it). Fig. 1 shows an
example of the considered bandwidth sharing model. It is
worth noting that the present model could be conveniently
extended to consider the case of multiple primary net-
works by considering independent arrival distributions to
different channels.

2.1. Procedure

The procedure to be followed for the operation in the SN
and the corresponding required functionalities is pre-
sented in the following. In the first stage, a frequency band
and a specific available channel where a secondary com-
munication can be established have to be identified. Then,
both secondary communication ends have to be configured
to be able to transmit and receive over the identified chan-
nel. While maintaining the secondary communication, it is
required that the presence of a primary communication is
detected, so that if a PU arrives the secondary communica-
tion must evacuate the channel. Spectrum handover
(SpHO) procedures will intend to find an appropriate alter-
native channel where the secondary communication can
be continued in order to avoid its interruption.

2.2. Spectrum awareness implementation approach

Among the two aforementioned implementation ap-
proaches (i.e. coordination vs. coexistence) the coexistence
Channel 1

Channel 2

Channel 3

Channel C

Free Channel 
(Spectrum Opportunity)

Channel occupied by a PU

Channel occupied by a SU

time

Fig. 1. Bandwidth partitioning model for spectrum sharing between PUs
and SUs.
case will be adopted in the sense that the SN implements
spectrum discovery mechanisms in order to exploit unused
spectrum in an opportunistic fashion. In this approach, the
identification of a candidate frequency band (or channel)
for the secondary communication as well as the monitor-
ing of primary’s presence is performed within the SN based
on sensing mechanisms without any direct interaction
with PN. Depending on the secondary network architec-
ture, whether it is infrastructure-based (centralized) or
infrastructure-less (i.e. decentralized or ad hoc), sensing
information may be gathered in different forms. In the cen-
tralized case, SUs equipped with sensors may sense the
whole spectrum and report to a centralized entity (e.g. lo-
cated at the Base Station, BS) which may in turn schedule
or re-schedule SU transmissions accordingly. Alternatively,
a centralized entity at the BS may be responsible for sens-
ing tasks, thus alleviating SUs from sensing capabilities. For
the decentralized approach, spectrum sensing and use is
entirely handled by SUs, thus information exchange mech-
anisms among them should be implemented. For the sake
of simplicity, and to avoid a further increase in the model
complexity, we will assume the centralized case where a
centralized entity is responsible for spectrum sensing
tasks. Nevertheless, the presented model allows further
implementation alternatives to be considered which is left
for future work.

Channel occupancy detection performed at the SU’s ter-
minal side through sensing mechanisms is affected by a
number of aspects (e.g. adverse channel conditions, hidden
terminal problem, limited sensitivity on the sensing equip-
ment, etc.) that may limit the reliability of sensing results
[24]. Typically, spectrum detection through sensing in the
presence of errors performs a binary hypotheses test over
a given band (or channel), that is:H0 if the channel is avail-
able and H1 if the channel is occupied. Accordingly, the
miss-detection and false-alarm probabilities, d and e, can
be defined as:

d ¼ Pr½H0jH1 is true� ð1Þ
e ¼ Pr½H1jH0 is true�: ð2Þ

An appropriate selection of the so-called time-bandwidth
product, defined as

m ¼ T �W; ð3Þ

where T is the time devoted to sense bandwidth W [24], is
of great relevance. In general, the longer we sense the
bandwidth W seeking for spectrum opportunities the more
reliable are our sensing measures (i.e. lower d and e val-
ues), however, high T values, as shown further on, will
trade-off the achievable throughput experienced by SUs
[26]. Moreover, spectrum errors can be improved by means
of the cooperation of sensing entities as suggested in [24].

With respect to the availability of updated primary
spectrum occupancy information based on sensing, DT
would represent the time between two consecutive sens-
ing information updates. Considering that a generic under-
lying MAC level time-frame structure enabling sensing
would devote some time, Tsens, for sensing purposes, i.e.
the sensing time, the sensing efficiency can be defined as

gsens ¼ 1� Tsens=DT: ð4Þ
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We assume that time Tsens will be the time T, devoted to
sense a single channel, multiplied by the number of chan-
nels with bandwidth W that should be sensed, i.e.

Tsens ¼ T � C: ð5Þ

To account for possible detection errors during spectrum
sensing procedures, a probabilistic model will be devel-
oped in order to compute the number of detected (or
sensed) PUs in the system. This model will consider spe-
cific missed-detection and false-alarm probabilities values,
d and e, obtained from well-known expressions in the liter-
ature, see e.g. [24,25].
3. DTMC model formulation

The proposed DTMC model is devoted to determine the
statistical occupancy of the shared spectrum by PUs and
SUs. It is mainly fed by traffic-related input parameters,
such as arrival and departure rates (kp and ks along with
lp and ls for PUs and SUs correspondingly), and also the
number of channels to be shared, C.

It is assumed that arrival processes follow a Poisson dis-
tribution and that service times are exponentially distrib-
uted. While adopting general distributions for arrival and
departure processes would be interesting, this would
increase the already complex model notation and formula-
tion. On the other hand, service-types (i.e. voice,
web-browsing, streaming, etc.) for PUs and SUs are not
specified, since it falls out of the scope of this paper, thus
Poisson and exponential distributions can be safely as-
sumed as also considered in many works in the literature
such as [15–17,19–21].

The sensing periodicity, DT, which denotes the periodic
time instants in which updated spectrum occupancy infor-
mation is made available for secondary communication, is,
on the other hand, the operating time-basis of the DTMC.

The proposed DTMC model accounts for the spectrum
usage of PUs and SUs in a shared spectrum scenario. For
simplicity reasons, it is supposed that the whole spectrum
bandwidth is partitioned into a total number of C channels
(bands) to be shared among both PUs and SUs. It is further
considered that both PUs and SUs demand a single channel
for transmission purposes (recall Fig. 1). These assump-
tions, although simplifying, will keep the algebra at an
understandable and tractable level while still capturing
the essence of the problem under study. If desirable, more
elaborate shared bandwidth models can be easily consid-
ered and adapted to the model here presented (e.g., consid-
ering different bandwidth requirements for PUs and SUs).

In a DTMC, [27], we observe the system state at dis-
crete-time instants {t0, t1, t2, . . . , tn, . . .}, with tn = t0 + n�DT
and periodicity DT, which is, on the other hand, assumed
to specify the time instants where primary spectrum usage
information is made available for secondary communica-
tion use. In addition, let In = (tn,tn+1] define the nth time
interval between two successive observation times. Note
that while DT specifies the sensing periodicity (in seconds),
In refers to a particular time-interval (of length DT secs.).
The DTMC model formulation involves a number of steps
which are presented in the following subsections.
3.1. State space definition

Let Np(tn) and Ns(tn) be stochastic processes indicative of
the number of PUs and SUs in the system at time tn. It is
further assumed that users remaining in the system have
always data to transmit, i.e. are always active, except for
SUs which are refrained from transmission during sensing
periods of length Tsens. Accordingly, allow Xn = S(i,j) = {Np(t-
n) = i,Ns(tn) = j} to represent a state of the DTMC at time
tn. Thus, if C channels are available, the considered state
space S must contain all possible sates S(i,j) which fulfill
both i 6 C and j 6 C, formally:

S ¼ fSði;jÞ : i 6 C; j 6 Cg: ð6Þ

Nevertheless, for a correct spectrum use (i.e. with no spec-
trum collisions), the number of PUs (i) plus the number of
SUs (j) must not exceed the total number of available chan-
nels (C). In addition, due to spectrum detection errors, a SU
might be erroneously assigned to a band already in use by
a PU. Then, for convenience, we define the following three
subsets of S accounting for those states that necessarily
imply spectrum collision, i.e.

Sc ¼ fSði;jÞ : iþ j > Cg � S; ð7Þ

those states which possibly imply a spectrum collision, i.e.

Spc ¼ fSði;jÞ : iþ j 6 C; j > 0; i > 0g � S; ð8Þ

and those states that are collision-free, i.e.

Snc ¼ fðSði;jÞ : i ¼ 0Þ [ ðSði;jÞ : j ¼ 0Þg � S: ð9Þ

Note that in absence of spectrum sensing errors, transi-
tions to states belonging to Sc will not apply, since the sec-
ondary network is fully aware of primary spectrum
occupancy and will consequently block further SUs
attempting access. On the contrary, sensing errors may
lead transitions to states belonging to Sc caused by PU
miss-detections.

Fig. 2 shows an example of the considered state space
for C = 3 channels, where it must be regarded that
S ¼ Sc [ Spc [ Snc and Sc \ Spc \ Snc ¼ ;. In addition, the to-
tal number of states is given by Nstates = (C + 1)2.

A clear advantage in considering the total number of
PUs (i) and SUs (j) in the system as indices of the Markov
state space (as, e.g. in [15]) is that system dimensionality
(and consequently complexity) of the model can be re-
duced. Contrarily, if the status of each channel (that is, free,
occupied by PU or occupied by SU) was to be captured by
the Markov model, the number of states would dramati-
cally increase thus limiting the applicability of the model.
On the other hand, the main drawback of adopted ap-
proach is that it remains uncertain how different users
are distributed over the channels. Fortunately, this can be
solved by considering probabilistic models for the occupa-
tion of different channels by PUs and SUs.

3.2. Detection of primary spectrum occupancy

At a particular time tn, let the state of the DTMC be
Xn ¼ Sði;jÞ 2 S. At this same time instant, spectrum occu-
pancy information is made available to the SN side (either
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to some centralized infrastructure-based entity or to a spe-
cific SU). Due to spectrum detection errors, the observed
state at time tn using such erroneous information may be
Yn ¼ Sðk;jÞ 2 S, i.e. Yn – Xn, with k denoting the number of
detected PUs (note the number of SUs at time tn, j, is known
by the SN, so it is not subject to errors). Consequently, we
are interested in determining the conditional probability of
detecting k PUs when there are in fact i PUs in the system
at time tn, which may formally be expressed as:

bðk;iÞ ¼ Pr½Yn ¼ Sðk;jÞjXn ¼ Sði;jÞ�: ð10Þ
Theorem 1. The conditional primary user detection proba-
bility, b(k,i), subject to false-alarm and missed-detection
probabilities, e and d, is given by

bðk;iÞ ¼
Xminði;C�kÞ

m¼maxð0;i�kÞ

C� i
mþk� i

� �
�emþk�i ��eC�m�k �

i
m

� �
�dm ��di�m;

ð11Þ

with �e ¼ 1� e and �d ¼ 1� d.
Proof. See Appendix B. h

Then, function b(k,i) provides the application function
between the so-called true state space given by states
Xn ¼ Sði;jÞ 2 S and the detected state space given by states
Yn ¼ Sðk;jÞ 2 S. Since the SN operation will be based on the
knowledge of Yn as opposed to Xn, the values of e and d will
considerably affect the performance of such system and
lead, in the worst case, to an ineffective operation.

3.3. Arrival and departure processes

Let NA 2 {NPA,NSA} along with ND 2 {NPD,NSD} denote the
number of arrivals and departures of PUs and SUs respec-
tively in In (i.e. in a time interval of duration DT).
Given PUs and SUs arrive at the system according to a
Poisson distribution with rates kp and ks respectively, the
probability that k arrivals occur in In, PA

k , is given by [27]:

PA
k ¼ Pr½NA ¼ k� ¼ ½ðkDTÞk=k!�e�kDT ; ð12Þ

where for k 2 {kp,ks} we will refer to PA
k 2 PPA

k ; P
SA
k

n o
correspondingly.

If the session duration is exponentially distributed with
mean 1/l (i.e., rate l), the probability of a session depar-
ture in In is [27]:

PD ¼ 1� e�lDT : ð13Þ

Then, the probability of having k-out-of-m departures in In,
PD

k , is given by the binomial distribution [27]:

PD
k ¼ Pr½ND ¼ k� ¼

m

k

� �
ð1� e�lDTÞkðe�lDTÞm�k

; ð14Þ

where for l 2 {lp,ls} we will refer to PD
k 2 PPD

k ; PSD
k

n o
respectively.

Note that enabling multiple arrivals and departures in
one DT period will affect the decision process on whether
a SU can be assigned or not given that detection informa-
tion is retrieved only at times tn. This also constitutes a dif-
ferentiating aspect with respect to other approaches to the
same problem such as in [15–17,19–21].

3.4. Transition probabilities

The transition probabilities between each pair of states
S(k,l) ? S(i,j) in the DTMC model can be expressed as [27]:

Pði;jjk;lÞ ¼ Pr½Xnþ1 ¼ Sði;jÞjXn ¼ Sðk;lÞ� ¼ Pr½Npðtnþ1Þ
¼ i;Nsðtnþ1Þ ¼ jjNpðtnÞ ¼ k;NsðtnÞ ¼ l�
¼ Pr½Npðtnþ1Þ ¼ ijNpðtnÞ ¼ k;NsðtnÞ
¼ l� � Pr½Nsðtnþ1Þ ¼ jjNpðtnÞ ¼ k;NsðtnÞ ¼ l�; ð15Þ

where the conditional independence of processes Np(tn)
and Ns(tn) has been considered (since primary and second-
ary arrival/departure processes are also assumed indepen-
dent). Probabilities P(i,j—k,l) constitute the elements of the
transition probability matrix P, from which the steady-
state probabilities, P(i,j), of the DTMC will be determined
[28]. For the sake of algebra tractability, the following
assumptions are considered in the presented expressions:

Hypothesis 1. A primary or secondary session arriving in
In will not depart in the same In. This implies that DT� 1/l
with l 2 {lp,ls} and where 1/l is the average session
duration.
Hypothesis 2. We disregard the order in which session
arrivals and departures occur in a given In by considering
the resulting net number of users, i.e. those obtained after
subtracting the departures and adding the new arrivals.

Note that both previous hypotheses rely on the relation
between DT and traffic-related parameters k and l, which
can be adjusted to fit our needs. The validation and justifi-
cation of these hypotheses will be addressed in Section 5
when we deal with the model validation. In particular for
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Hypothesis 2, and to be consistent with the fact that the or-
der of arrivals and departures may significantly affect the
performance of the system, we shall provide specific values
for the sensing periodicity DT for which the assumption of
Hypothesis 2 can be safely considered.

For convenience we define the following set of lemmas:

Lemma 1. The probability of assigning k PUs when we have
also l PU de-assignments in state S(i,j), aP

ði;j;k;lÞ, is given by:

aP
ði;j;k;lÞ ¼

PPA
k ; if i� lþ k < C

1�
Pk�1

m¼0
PPA

m ; if i� lþ k ¼ C

8><
>: : ð16Þ
Proof. See Appendix C.1. h
Lemma 2. The probability of de-assigning k PUs in state S(i,j),
dP
ði;j;k;lÞ, is given by:

dP
ði;j;kÞ ¼ PPD

k : ð17Þ
Proof. See Appendix C.2. h
Lemma 3. The probability of assigning k SUs when we have
also l SU de-assignments in state S(i,j), aS

ði;j;k;lÞ, is given by:

aS
ði;j;k;lÞ ¼

PC�k�jþl

m¼0

�aS
ðm;j;k;lÞ � bðm;iÞ for k > 0

PC�jþl

m¼0

�aS
ðm;j;0;lÞ � bðm;iÞ þ

PC
m¼C�jþl

bðm;iÞ for k ¼ 0

8>>>><
>>>>:

;

ð18Þ

with

�aS
ðm;j;k;lÞ ¼

PSA
k ; if mþ j� lþ k < C

1�
Pk�1

r¼0
PSA

r ; if mþ j� lþ k ¼ C

8><
>: : ð19Þ
Proof. See Appendix C.3. h
Lemma 4. The probability of de-assigning k SUs in state S(i,j),
dS
ði;j;k;lÞ, is given by:

dS
ði;j;kÞ ¼

Xk

r¼0

dS;S
ði;j;k�r;rÞ � d

S;SC
ði;j;rÞ; ð20Þ

with

dS;S
ði;j;k;lÞ ¼

bðCþk�jþl;iÞ if 0 < k 6 j� l

1�
Pj�l

r¼1
bðCþr�jþl;iÞ if k ¼ 0

8><
>: ; ð21Þ

and

dS;SC
ði;j;kÞ ¼ PSD

k : ð22Þ
Proof. See Appendix C.4. h

Then, it follows that:
Theorem 2. The transition probability between states
S(i,j) ? S(i+N,j+M), P(i+N,j+Mji,j), with �i 6 N 6 C � i and �j 6
M 6 C � j, is given by:

PðiþN;jþMji;jÞ ¼
Xi

k¼maxð�N;0Þ
aP
ði;j;Nþk;kÞ � d

P
ði;j;kÞ

0
@

1
A

�
Xj

k¼maxð�M;0Þ
aS
ði;j;Mþk;kÞ � d

S
ði;j;kÞ

0
@

1
A; ð23Þ
Proof. See Appendix D. h
4. Performance metrics

From the resulting transition probability matrix P de-
fined through (23), we obtain the true steady-state proba-
bilities, P(i,j) = limn?1Pr[Xn = S(i,j)], for each true state S(i,j) in
the state space S. The knowledge of such statistical distri-
bution enables the definition of several performance met-
rics which are addressed in the following.

On the other hand, it is also relevant to determine the
steady-state probabilities of the detected states (i.e.
including possible sensing errors): P0ði;jÞ ¼ limn!1Pr½Yn ¼
Sði;jÞ�, which are computed as:

P0ði;jÞ ¼
XC

n¼0

bði;nÞ � Pðn;jÞ: ð24Þ

In this case, P0ði;jÞ is the steady-state probability observed by
the SN, i.e. without true knowledge of PU activity and,
therefore, sensible to sensing errors. Then, by considering
P0ði;jÞinstead of P(i,j), metrics computed from the SN side,
which account for possible sensing errors, can be obtained.

In order to obtain probabilities P(i,j), we apply numerical
methods [28] so as to solve the matrix equation given by
m = m�P, where

m ¼ ½Pð0;0Þ; . . . ; Pð0;CÞ; Pð1;0Þ; . . . ; Pð1;CÞ; . . . ; PðC;0Þ; . . . ; PðC;CÞ�

is the steady-state probability vector.

4.1. Average number of users

The average number of PUs and SUs (i.e. average served
traffic) is computed as:

Np ¼
X

Sði;jÞ2S
i � Pði;jÞ; ð25Þ

and

Ns ¼
X

Sði;jÞ2S
j � Pði;jÞ: ð26Þ

In addition, we can compute the average number of sensed
PUs, N0p, by considering P0ði;jÞ, thus leading to:

N0p ¼
X

Sði;jÞ2S
i � P0ði;jÞ: ð27Þ
4.2. Blocking probability

Blocking occurs whenever a new user cannot be as-
signed a channel given all channels are occupied or
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thought to be occupied. Consequently, blocking probability
for SUs can be computed as:

PS
B ¼

XC

i¼0

XC

j¼C�i

P0ði;jÞ; ð28Þ

with P0ði;jÞ defined in (24).

4.3. Interruption probability

Interruption of secondary service occurs whenever a SU
is forced to release a channel before its session has ended
due to the appearance of a PU and no other channel is
sensed to be free. To compute the interruption probability
the average number of secondary users defined in (26) can
be regarded as the average served SU traffic Tserved

s ¼ Ns.
Then, we can express

Tserved
s ¼ Ts � 1� PS

B

� �
� ð1� PDÞ; ð29Þ

indicating that the served traffic is the offered traffic which
is not blocked nor interrupted. From (29), we express the
interruption probability as:

PD ¼ 1� Tserved
s

Ts 1� PS
B

� � ¼ 1� Ns

ks
ls

1� PS
B

� � : ð30Þ
4.4. Interference probability: an upper-bound

At a given sensing instant in state Sði;jÞ 2 S, the probabil-
ity of miss-detecting n PUs out of i PUs in the system can be
expressed as the binomial distribution with d the probabil-
ity of miss-detection (refer to Appendix B). Consequently,
the average number of missed-detections in state Sði;jÞ 2 S
is given by

NMDði; jÞ ¼ i � d: ð31Þ

The average number of collisions in state Sði;jÞ 2 Spc (recall
from Section 3.1) may be initially upper-bounded by

Ncði; jÞ 6 NMDði; jÞ; ð32Þ

indicating that at most (i.e. in the worst case) we will have
a collision for each missed-detection. In addition, this
upper-bound can be tightened by considering that the
average number of collisions will be also less than the
average number of SUs in state S(i,j), i.e. Nc(i, j) 6 j. Hence,
we have

Ncði; jÞ 6 min½i � d; j�,N�cði; jÞ: ð33Þ

The number of collisions in state Sði;jÞ 2 Sc (i.e. with i + j > C)
can be initially lower-bounded as

Ncði; jÞP ðiþ j� CÞ,jc; ð34Þ

where we know that at least jc channels are being simul-
taneously shared by both a PU and a SU.

In addition, remaining (i � jc) PUs and (j � jc) SUs may
be also in a collision situation, hence the number of colli-
sions can be upper-bounded, similar to (33), as

Ncði; jÞ 6 jc þmin½ði� jcÞ � d; ðj� jcÞ�,N�cði; jÞ: ð35Þ
As for the case where Sði;jÞ 2 Snc , the number of collisions is
zero, i.e. Nc(i, j) = 0.
Given the maximum possible number of collisions
would be C, we define the collision probability ratio, here-
on the interference probability, in state S(i,j) as

Pcði; jÞ ¼
N�cði; jÞ

C
; ð36Þ

where we have used collision upper-bounds N�cði; jÞ pro-
vided in (33) and (35) as worst cases, along with
N�cði; jÞ ¼ 0 for Sði;jÞ 2 Snc .

Finally, the average interference probability can be then
expressed as

Pc ¼
X

Sði;jÞ2S
Pcði; jÞ � Pði;jÞ: ð37Þ
4.5. Throughput

In a given state Sði;jÞ 2 S, the number of channels that are
being simultaneously used by both a PU and a SU, N�cði; jÞ,
has been computed in the previous subsection.

It is considered that a channel being shared by both a
PU and a SU does not contribute to throughput; conse-
quently we can define the throughput of PUs or SUs in
state Sði;jÞ 2 S as:

Cp
ði;jÞ ¼ i� N�cði; jÞ

� �
� Rp; ð38Þ

along with

Cs
ði;jÞ ¼ j� N�cði; jÞ

� �
� Rs; ð39Þ

measured in bits per second (bps), where Rp and Rs are the
average bit rate per channel for PUs and SUs respectively.
Given that SUs need some time to sense the medium (or
to remain silent so that the sensing entity can sense the
medium) the net throughput per channel achieved by
SUs, Rs, will be lower than the net throughput per channel
achieved by PUs, Rp, under our assumption that the same
amount of bandwidth is devoted to both users. Then, we
can write,

Rs ¼ Rp � gsens; ð40Þ

where gsens 2 [0,1] is the sensing efficiency defined in (4).
The granted bit rate for a single PU will be simply com-
puted using the Shannon bound as

Rp ¼W � log2ð1þ �cÞ; ð41Þ

where W (Hz) is the bandwidth of a single channel and �c
(dB) is the average signal-to-noise ratio (SNR).

Finally, the average throughput for both PUs and SUs is
computed as

Cp ¼
X

Sði;jÞ2S
Cp
ði;jÞ � Pði;jÞ; ð42Þ

along with

Cs ¼
X

Sði;jÞ2S
Cs
ði;jÞ � Pði;jÞ: ð43Þ
5. Performance evaluation

In the following, the considered parameter setup for the
numerical evaluation and also some implementation
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detector in Rayleigh fading considering �c ¼ 10 dB and time-bandwidth
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Table 1
ROC values for �c ¼ 10 dB and W = 200 kHz extracted from Fig. 3.

m d* e* T = m/W

5 0.01 0.7277 0.000025
10 0.01 0.6278 0.00005
50 0.01 0.3378 0.00025

100 0.01 0.2073 0.0005
150 0.01 0.1391 0.00075
200 0.01 0.0974 0.001
300 0.01 0.0511 0.0015
400 0.01 0.0281 0.002
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aspects for the uncoordinated spectrum awareness case
are introduced. Subsequently, numerical results address,
in the first place, the model validation by means of a sys-
tem-level simulator. Secondly, numerical results will be gi-
ven so as to capture the tradeoff between the time devoted
to sensing and the throughput, the impact on the number
of considered channels (C) and, finally, the effect on the
spectrum awareness periodicity DT.

5.1. Parameter setup

As an initial reference, it is considered a total band-
width partitioned into C = 16 channels to be shared
amongst PUs and SUs. The offered primary traffic load is
Tp = kp/lp = {5,10} Erlangs (E), while secondary offered
traffic, defined as Ts = ks/ls, will span over a specified range
of values. Note that for Tp = 10E and C = 16 channels the
system is significantly loaded by PUs, so that the system
is evaluated under rather unfavorable conditions for SUs.
Average session duration is assumed to be equal for both
PUs and SUs with 1/l = 1/lp = 1/ls = 120 s (i.e. assuming
a time-based service). Sensing periodicity is, unless other-
wise stated, DT = 100 ms. The characterization of sensing
errors will be provided by means of missed-detection
and false-alarm probabilities, i.e. d and e respectively (the
following subsection addresses such implementation in
detail). In addition, for comparative purposes, we will also
consider the case where perfect sensing (errors-free) is
available. For this case, not only d and e are zero but also
the time devoted to sensing purposes is considered to be
zero.

5.2. Spectrum detection in rayleigh fading

The detection of unknown signals by means of sensing
has captured a lot of attention in the past, and the advent
of cognitive radio has indeed contributed to increase the
work devoted to this matter [24,25].

In general, sensing in the presence of errors due to
imperfect channel conditions can be characterized through
miss-detection and false-alarm probabilities (i.e. d and e
respectively) extracted from so-called Receiver Operating
Curves (ROC) which relate both magnitudes. These curves
mainly depend on the considered channel model (Rayleigh,
Rician, etc.), the average SNR ð�cÞ at the sensor’s end and the
time-bandwidth product (m) previously introduced in (3).
Fig. 3 shows the ROC curves for the energy detector under
Rayleigh fading considering a number of time-bandwidth
products (m) which have been computed according to ana-
lytical expressions in [24].

Note that, for a fixed observed bandwidth W, the in-
crease of the time devoted to sensing, T, i.e. also meaning
an increase in the time-bandwidth product (recall that
m = T�W), will mean that a more accurate sensing informa-
tion is retrieved. In this sense, setting different target val-
ues for the miss-detection probability d* we obtain the
corresponding values for the false-alarm probability e* for
the different time-bandwidth products m which define
the working point of the receiver. In practice, this is
achieved by setting appropriate values for the decision
threshold at the sensor’s end [24]. Without loss of general-
ity we assume a fixed value of W = 200 kHz and a target
miss-detection probability value of d* = 0.01. Unless other-
wise stated the average SNR is chosen to be �c ¼ 10 dB.
Then, and for the sake of representation, performance re-
sults will refer to particular values of m (which in turn refer
to specific values of d* and e* as shown in Table 1).

5.3. Numerical results

5.3.1. Validation and preliminary model assessment
One main objective of analytical system modeling is to

retain the basic interactions between the main parameters
affecting the performance of a real system. How close is the
performance behavior of the model with respect to the real
system will largely depend on the considered model
assumptions and hypothesis. In this sense, in this section
we intend to identify those parameters that may limit
the applicability of the model, which is, on the other hand,
inherent to all analytical models.

For the sake of a complete model validation, a system-
level simulator has been developed so as to extract rele-
vant metrics and compare them to those defined for the
model in Section 4. Specifically, this simulator operates
on a discrete-time-driven basis. Time granularity is set sev-
eral orders of magnitude smaller than the sensing period-
icity in order to capture higher degree of dynamism
between arrivals and departures occurring between two
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sensing instants. Moreover, arrivals and departures of PUs
and SUs are generated using Monte Carlo methods assum-
ing Poisson and exponential distributions respectively. All
users are considered to be located in the area of coverage
of their respective networks. This simulator is somewhat
more realistic than the model in a way that it is not con-
strained by Hypothesis 1 and 2 given in Section 3.4. In-
stead, the order in which PUs and SUs arrive and depart
from the system is taken into account, contrarily to what
Hypothesis 1 states; and a user arriving after a sensing per-
iod may depart before the next sensing period starts,
which is opposite to what Hypothesis 2 states. This is par-
ticularly useful in order to assess the range of applicability
of the proposed model. Simulation runs are long enough to
guarantee statistical goodness and, for the considered
cases herein, values in the order of 105 s are used.

In order to assess the validation of the proposed model
we compare the steady-state probabilities obtained
through the Markov chain with the computed values
through simulation. Since the desired metrics (see Section
4) are directly computed from the steady-state probabili-
ties, P(i,j) and P0ði;jÞ, a positive validation at this point results
in a good indicator about the validity of the proposed mod-
el. In this respect, Fig. 4 plots the steady-state probabilities
resulting from the Markov model against the same proba-
bilities computed by means of simulation. In addition it is
also plotted the curve y = x for reference purposes (note
that for a perfect match, plotted data in Fig. 4 should lay
over the curve y = x). In addition, log–log scaling enables
a detailed comparison between both magnitudes. It can
be observed that a good match between the model and
the simulation is attained, in particular for higher probabil-
ity values (i.e. in the range between 10�2 and 10�1). For
probabilities below this range, differences become more
evident indicating that a larger number of samples (i.e. lar-
ger simulation times) are needed in order to obtain a good
statistics of simulated data.

Figs. 5 and 6 show the average number of users and the
interruption probability, as defined in (25), (26) and (30)
respectively, where simulation results appear as circles
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Fig. 4. Model validation of the steady-state probabilities by plotting the
obtained simulation value against the theoretical (model) value. Perfect
match implies data laying on y = x curve.
and the DTMC model performance appear as lines. At a first
glance, note how the system-level simulator values (i.e.
circles) closely match those obtained by means of the
DTMC model.

Regarding Fig. 5, when spectrum sensing is subject to
errors, performance evaluation is shown for different con-
sidered values of d and e through specified values of m (re-
gard Table 1). Provided that PUs have spectrum access
priority over SUs, the average number of served PUs re-
mains constant (note that we have fixed Tp = 10E). As for
the average number of SUs, as expected, the better the
spectrum sensing information (i.e. higher m values) the
better spectrum opportunities can be exploited. For the
case of perfect sensing the highest utilization of free bands
is attained by SUs.

Fig. 6 shows the interruption probability (i.e. the prob-
ability that a SU is forced to suspend its session due to pri-
mary activity) defined in (30) for the different values of m.
While the perfect-sensing case exhibits the most favorable
behavior, a decrease in m results into higher false-alarm
probabilities which in turn triggers SUs to release occupied
channels. In addition, the interruption probability in-
creases with the offered secondary load, which is, on the
other hand, somewhat expected.

Additionally, it is necessary to determine when hypoth-
eses 1 and 2 (provided in Section 3.4) pose some risk on the
model’s validity. Indeed, such hypotheses rely in one way
or another on the relation of arrival and departure process
parameters with the DTMC observation period DT. As for
Hypothesis 1, the relation between 1/l and DT will deter-
mine if a call/session arriving within a period DT will de-
part in the same DT. On the other hand, the longer the
period DT the more important becomes the order in which
arrival and departures occur, thus Hypothesis 2 will be less
true as DT increases. To that end, the behavior of the aver-
age number of users and the interruption probability
against several DT�l values is presented in Fig. 7(a) and
(b) respectively. The offered traffic is fixed to Tp = 5E and
Ts = 20E. It can be observed (see Fig. 7(b)) that the interrup-
tion probability decreases when DT values increase. Not
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surprisingly, very frequent tests on the occupancy of a
channel (i.e. low DT values) will translate into higher
chances that a SU is refrained from transmitting specially
for the cases that the false-alarm probability is significant
(i.e. low m values). Consequently, see Fig. 7(a), the number
of secondary users increases with DT.

Note that for DT�l values over 2�10�2, the model and
the simulated data start to drift apart. This drift is more
noticeable in the interruption probability case, see shaded
region in Fig. 7(b), than for the average number of users.
Nevertheless, for values of DT�l which remain in the range
10�4 to 10�2, the model is able to capture the behavior
exhibited by the system-level simulator, thus validating
the proposed hypothesis in these cases. Note, that this
dependency between the model validation and DT was
somewhat expected when expressing hypotheses 1 and
2. In terms of model applicability, practical system param-
10
-4

10
-3

10
-2

10
-1

2

3

4

5

6

7

8

9

10

11

A
ve

ra
ge

 N
um

be
r 

of
 U

se
rs

ΔT·µ

(a)

Average Number of SUs (Ns)

Average Number of PUs (Np)

Perfect Sensing

m=400

m=200

m=50

Simulation
Model

Tp=5 E ; Ts=20 E

Fig. 7. The impact of DT�l in model validation: (a) averag
eter values can be evaluated bearing in mind the relation
between DT and l.
5.3.2. Sensing time/throughput trade-off
Fig. 8 shows the existing trade-off between the time-

bandwidth product (m) and the throughput experienced
by SUs for several offered secondary traffic loads (Ts) and
average SNRs ð�cÞ. It can be seen that following an initial
throughput increase due to accurate sensing information,
throughput degradation starts to rise when the sensing
time increases to values that are high compared to the time
devoted to data transmission (i.e. the sensing efficiency
gsens ? 0). The extreme case is when all transmission time
is devoted to sensing purposes, in this case when Tsens = DT
then gsens = 0 which occurs for m = 1250 considering
DT = 0.1 s. For the particular study case in Fig. 8, several
optimum values for the time-bandwidth product can be
selected in order to maximize the average secondary
throughput. These values are represented by m* in Fig. 8.
Note that increasing the secondary offered load requires
a better knowledge of spectrum occupancy, thus increasing
the time-bandwidth product is convenient. In the same
way, higher SNR values require less sensing time, i.e. lower
m values, to attain acceptable accuracy in terms of missed-
detection and false-alarm probabilities. In addition, a de-
crease in the average SNR results in a dramatic decrease
of the average throughput as could be expected by regard-
ing (41).
5.3.3. Channel number impact
Fig. 9 shows the impact of the number of total channels

(C) on the experienced secondary throughput for two dif-
ferent values of DT and constant offered traffic load of
Tp = Ts = 5E along with average SNR of �c ¼ 10 dB. In
Fig. 9(a), for DT = 0.1 s, note that between 2 and 10 chan-
nels, the better the sensing accuracy (i.e. higher m) the
higher the number of SUs are getting assigned, thus higher
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throughput is attained. However, given that sensing re-
quires a time Tsens = C� T (see (5)); as the number of chan-
nels increases, high sensing accuracy (i.e. high m which
implies also high T values) does not payoff the increased
time devoted to sensing and its consequences on through-
put (as already observed in subsection 5.3.2)). Then, it is
observed in Fig. 9(a) that at some value of C it is better
to reduce the sensing accuracy, i.e. decrease m, which in
turn produces higher false-alarm. The grey shadowed
zones indicate regions where a suitable time-bandwidth
product, among those considered in Fig. 9 and denoted as
m*, maximizes average secondary throughput. Given that
the offered load is constant and more channels are avail-
able by rising C, the increased false-alarm as a result of
lowering m remains bearable. On the other hand, in
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Fig. 9(b) for DT = 5 s, the time devoted to sensing can be
larger in this case with no observed throughput degrada-
tion. This can be followed by observing the sensing effi-
ciency in (4), where if DT increases, we may tolerate
higher Tsens values so that the sensing efficiency is still
acceptable. Then, for DT = 5 s, accurate sensing does payoff
the time devoted to sensing procedures and, thus, better
throughput is observed for the case of higher values of m.

5.3.4. Spectrum awareness periodicity
Fig. 10 shows the impact of spectrum occupancy infor-

mation periodicity DT in terms of interference probability
(Pc) as defined in Section 4.4. It is again assumed that
C = 16 channels are available. Results indicate that high
values of DT cause the secondary system to take decisions
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with out-of-date primary spectrum occupancy information
which translates into higher interference probabilities, i.e.
higher chances that a PU and a SU are assigned the same
channel. In this sense, given high time-bandwidth products
maximize spectrum utilization (see Fig. 5), higher chances
that SUs interfere with PUs arise. On the contrary, for low
m values the higher false-alarm probability prevents from
assigning SUs thus less interference is observed as opposed
to higher m values.

The impact of interference on primary user throughput,
as revealed by (38), is given in Fig. 11(a), where primary
throughput benefits from high false-alarm (i.e. low m val-
ues) since interference is lowered as already shown in
Fig. 5.

As for the secondary throughput, Fig. 11(b), the sensing
periodicity DT conditions the time devoted to sensing pur-
poses (Tsens) and, hence, the time-bandwidth product.
Then, for low DT values, large time-bandwidth products
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Fig. 11. Primary (a) and secondary (b) throughput against DT when
causes sensing efficiency to decrease and thus reduced
throughput is attained. On the contrary, increased DT val-
ues allow a longer sensing period and consequently better
spectrum awareness which in turn improves secondary
spectrum usage and throughput. Shaded regions in
Fig. 11(b) reflect the suitable time-bandwidth values (m*),
among those considered, indicating the existing trade-off
between sensing efficiency and spectrum awareness
quality.

5.4. Computational considerations

In general, the computational complexity of solving the
matrix equation m = m�P depends on the size of transition
probability matrix P which in turn depends on the number
of states in the Markov chain given by Nstates = (C + 1)2 (see
Section 3.1). Thus, it is straightforward that increasing the
number of channels C directly impacts the computational
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time required to solve m = m�P (since increased vector–ma-
trix products are required), and also the memory storage
requirements involved in storing matrix P. In this sense,
numerical iterative methods, such as Successive Over-
Relaxation (SOR) which has been used in this work [28],
converges towards the solution with relatively low num-
ber of iterations (typically less than 50 for 10�6 solution
accuracy). Commercial off-the-shelf computers have been
used exhibiting reasonable processing times (in the order
of several minutes) and sufficient storage capabilities
being capable of handling the performance evaluation con-
sidered herein. In addition, the proposed model offers re-
duced complexity with respect to similar approaches
using Partially Observable Markov Decision Processes
(POMDP), as e.g. in [29], while still being capable of captur-
ing sensing error uncertainty in opportunistic spectrum ac-
cess scenarios.

6. Concluding remarks and future work

In this work a generalized and flexible framework for
the definition and evaluation of opportunistic shared spec-
trum scenarios has been presented. This framework is
capable of supporting a wide range of implementation pos-
sibilities and functionalities. In this sense, the suitability of
a DTMC model as the core of the framework has been sug-
gested and further justified. The DTMC model has been for-
mulated with a high degree of generality and some
performance metrics extracted. An uncoordinated opera-
tion between primary and secondary networks has been
assumed where primary spectrum occupancy information
is retrieved through sensing mechanisms. A first goal was
to determine the validity of the proposed model which
has been assessed by means of its comparison with a sys-
tem-level simulator. In addition, the limitations of the
model have also been determined and the parameters
influencing such limitation have been identified. It was
shown that, for a correct model operation, the value DT�l
should be appropriately chosen. Consequently, practical
system parameters values can be evaluated bearing in
mind such limitations. In this case, in our particular sce-
nario, values of DT�l below 2�10�2 are suggested in order
to achieve a good match between the model and the
simulations.

The existing tradeoff between the sensing accuracy and
the exhibited secondary throughput has also been studied.
As expected, an increased sensing accuracy through longer
sensing periods will, at a given point, not payoff the degra-
dation obtained in terms of throughput since less time is
then devoted to the actual data transmission. Results re-
vealed that the sensing time (equivalently, the time-band-
width product) can be conveniently adjusted in order to
maximize throughput. In our numerical analysis (refer to
Fig. 8) we observed how for decreasing offered secondary
traffic loads (from Ts = 5E to Ts = 1E) the sensing accuracy
can be slightly decreased (from m* = 296 to m* = 241) in or-
der to favor secondary throughput. In addition, an im-
proved SNR condition allows a decrease in sensing time
since energy detection is better. In this case, see Fig. 8, suit-
able time-bandwidth values span from m* = 296 (for
�c ¼ 10 dB) to m* = 643 (for �c ¼ 2:5 dB). In addition, if the
number of channels to be sensed is large, sensing proce-
dures will take longer to determine the spectrum occu-
pancy of the whole band, consequently reducing the
sensing efficiency. Then, the time-bandwidth product
should be reduced when increasing the bandwidth on
which PUs and SUs operate. The impact of the spectrum
awareness periodicity DT has also been evaluated. As ex-
pected, the longer the time between sensing instants (i.e.
DT) the higher the chances of collision events between
PUs and SUs happen. In addition, improved sensing accu-
racy degrades the experienced interference by allowing
an increased number of SUs in the system. As shown, sec-
ondary operation can be optimized by choosing adequate
values for the time-bandwidth product (i.e. the time de-
voted to sensing) in such way that the throughput is
maximized.

Future work will be devoted to extend the presented
model to include a flexible bandwidth partition scheme
in which PUs and SUs do not necessarily occupy the
same amount of spectrum. In addition, bandwidth
requirements could be dynamically adjusted according
to specific demands which may vary over time. Further-
more, besides the considered time-based service type of
SUs in this work, a volume-based service type which in-
tends to transmit a certain volume of data will be also
considered.
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Appendix A. Notation

Table A.2 summarizes the notation used throughout
this article.

Appendix B. Proof of Theorem 1

Given a total number of C channels we aim to compute
the probability of having n detected PUs when actually i
PUs are assigned. It is assumed that the sensing of each
channel is independently affected by errors in the form
of missed-detection and false-alarm probabilities. Let NFA

and NMD represent the total number of false-alarms and
missed-detections after scanning the C channels. The num-
ber of possible miss detections, NMD, will be consequently
in the range 0 6 NMD 6 i, i.e. we cannot miss-detect more
than the number of ‘‘true” assigned PUs. In the same
way, the number of false-alarms is in the range
0 6 NFA 6 C � i.

On the other hand, we can express the number of de-
tected PUs, n, as

n ¼ iþ NFA � NMD; ðB:1Þ

indicating that the total number of detected PUs are those
actually assigned (i) plus those we believe are assigned
(NFA) minus those we have missed (NMD).

From (B.1), we may re-write

NFA ¼ NMD þ n� i; ðB:2Þ



Table A.2
Summary of used notation.

Symbol Description

C number of channels
d (e) miss-detection (false-alarm) probability
m time-bandwidth product
T time devoted to sense a channel
W channel bandwidth
DT sensing periodicity
Tsens time devoted to sense the whole spectrum
gsens sensing efficiency
kp (ks) arrival rate for PUs (SUs)
lp (ls) departure rate for PUs (SUs)
tn nth observation/sensing time
In nth time interval between

two successive observation times
Np(tn) (Ns(tn)) number of PUs (SUs) at time tn

Xn true state of the Markov Chain at time tn

Yn detected state of the Markov Chain at time tn

S(i,j) state of the Markov chain with i PUs and j SUs
S state space
Sc collision state space
Spc possible collision state space
Snc collision-free state space
Nstates number of states in the state space S
b(k,i) conditional PU detection probability
NPA(NSA) number of PU (SU) arrivals in In

NPD(NSD) number of PU (SU) departures in In

PPA
k PSA

k

� �
prob. of k PU (SU) arrivals in DT

PDA
k PDA

k

� �
prob. of k PU (SU) departures in DT

P(i,j—k,l) transition prob. from state S(k,l) to state S(i,j)

P transition probability matrix
P(i,j) steady-state probability of being in state S(i,j)

P0ði;jÞ detected steady-state probability of being in state
S(i,j)

aP
ði;j;k;lÞðaS

ði;j;k;lÞÞ prob. of assigning k PUs (SUs) when also l PU (SU)

de-assignments in state S(i,j)

dP
ði;j;k;lÞ dS

ði;j;k;lÞ

� �
prob. of de-assigning k PUs (SUs) in state S(i,j)

m steady-state probability vector
Np(Ns) average number of PUs (SUs) in the system
N0p average number of sensed PUs

PP
B PS

B

� �
blocking probability for PUs (SUs)

Tp(Ts) offered PU (SU) traffic

Tserved
s

average served SU traffic

PD interruption probability
NMD(i,j) average number of missed-detections in state S(i,j)

Nc(i,j) average number of collisions in state S(i,j)

N�c upper-bound on average number of collisions
Pc(i,j) interference probability in state S(i,j)

Pc average interference probability

Cp
ði;jÞ Cs

ði;jÞ

� �
PU (SU) throughput in state S(i,j)

Rp(Rs) PU (SU) net throughput per channel
�c average signal-to-noise ratio (SNR)
Cp(Cs) average PU (SU) throughput
d*(e*) target miss-detection (false-alarm) probability
NMD(NFA) number of missed-detections (false-alarms)

after sensing C channels

NP
a NS

a

� �
number of spectrum assignments for PUs (SUs)

NP
d NS

d

� �
number of spectrum de-assignments for PUs (SUs)
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where if NFA P 0 it follows that NMD P i � n. Then, given
that also NMD P 0, we have that NMD P max (0, i � n). On
the other hand, from 0 6 NFA 6 C � i and (B.2), we have that
0 6 NMD + n � i 6 C � i, thus NMD 6 C � n. Provided
0 6 NMD 6 i must be also satisfied we finally obtain
NMD 6min(i,C � n).
The probability of detecting n PUs given i PUs are as-
signed can be expressed using the total probability defini-
tion for conditional probabilities as

bðn;iÞ ¼
X
NMD

PrðNFA ¼ NMD þ n� ijNMDÞPrðNMDÞ; ðB:3Þ

where, by considering binomial distributions for both
false-alarm and miss-detection, we have

PrðNFA ¼ NMD þ n� ijNMDÞ

¼
C � i

NMD þ n� i

� �
eNMD þ n� ið1� eÞC�i�NMD � nþ i

¼
C � i

NMD þ n� i

� �
eNMD þ n� ið1� eÞC�NMD � n

;

ðB:4Þ

along with

PrðNMDÞ ¼
i

NMD

� �
dNMD ð1� dÞi�NMD ; ðB:5Þ

from which expression (11) can be obtained.
Appendix C. Proof of Lemmas 1–4

The number of PU/SU spectrum assignments and de-
assignments in In, Na 2 NP

a ;N
S
a

n o
and Nd 2 NP

d;N
S
d

n o
, will

depend on the spectrum occupancy given by the true or
detected states at time tn, i.e. Xn or Yn, and on the number
of arrivals NA and departures ND in time interval In. These
number of arrivals and departures will eventually lead to
a number of channel assignments and de-assignments
depending on the true or detected spectrum occupancy
at time tn. Fig. C.12 illustrates the arrival and departure
process which conditions the state transition probabilities.

In the following, expressions for Lemmas 1–4 are
derived.

C.1. Proof of Lemma 1

Let the true state be Xn = S(i,j); we intend to compute the
probability of assigning NP

a ¼ k PUs in In given we have
NP

d ¼ l 6 i PU de-assignments in In, aP
ði;j;k;lÞ. In words, it is

the probability of assigning exactly k PUs in the case that
least k channels are available (i.e. having exactly k PU
arrivals), and the probability of having at least k PU arrivals
if exactly k channels are available. Thus, we may write:

aP
ði;j;k;lÞ ¼ Pr NP

a ¼ kjXn ¼ Sði;jÞ;N
P
d ¼ l

h i

¼
Pr½NPA ¼ k� ¼ PPA

k ; if i� lþ k < C

Pr½NPA P k� ¼ 1�
Pk�1

m¼0
PPA

m ; if i� lþ k ¼ C

8><
>: ;

ðC:1Þ

with PPA
k given in (12). For the case of assigning more PUs

than available channels the probability in (C.1) is zero.
Implicitly in (C.1) we consider that k PU assignments are
made upon l PU de-assignments, thus using the
assumption of disregarding the order in which arrivals



Fig. C.12. Spectrum assignments/de-assignments due to arrival/depar-
ture of PUs and SUs.
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and departures occur in In which will be an assumed
hypothesis in our model (see Hypothesis 2 in Section 3.4).

C.2. Proof of Lemma 2

Again, let the true state be Xn = S(i,j); the probability of
de-assigning NP

d ¼ k PUs in In, where 0 6 k 6 i (i.e. we can
only de-assign those already assigned prior to tn), depends
on the number of PU departures in In:

dP
ði;j;kÞ ¼ Pr NP

d ¼ kjXn ¼ Sði;jÞ
h i

¼ Pr½NPD ¼ k� ¼ PPD
k ; ðC:2Þ

with PPD
k given in (14). Note that we have made use of the

assumption that a new arrival in In will not depart in In by
specifying that the number of de-assignments is bounded
as 0 6 k 6 i in In. For any other value of k, the probability
in (C.2) is zero.

C.3. Proof of Lemma 3

Let the true state be Xn = S(i,j); the probability of assign-
ing NS

a ¼ k > 0 SUs in In given we have NS
d ¼ l 6 j SU de-

assignments in In, aS
ði;j;k;lÞ, will depend on the detected state

at tn, Yn = S(m,j) and on the number of SU arrivals as:

aS
ði;j;k;lÞ ¼ Pr NS

a ¼ kjXn ¼ Sði;jÞ;N
S
d ¼ l

h i

¼
XC�k�jþl

m¼0

Pr NS
a ¼ kjYn ¼ Sðm;jÞ;N

S
d ¼ l

h i
� bðm;iÞ

¼
XC�k�jþl

m¼0

�aS
ðm;j;k;lÞ � bðm;iÞ; ðC:3Þ

where the total probability formula has been used to relate
the true state Xn = S(i,j)with the detected state Yn =
S(m,j)through probabilities b(k,i). In particular, (C.3) states
that NS

a ¼ k SUs will be assigned provided the detected
number of PUs, m, fulfills m + j + k � l 6 C, i.e., there are
at least k detected free channels for secondary use pro-
vided that we also have l SU de-assignments. In addition,
the number of k SU assignments in state Xn = S(i,j)is
bounded by 0 < k 6 C � i � j + l, omitting the case k = 0
which will be treated separately. Finally, �aS

ðm;j;k;lÞ in (C.3) is
obtained similar to (C.1) as:

�aS
ðm;j;k;lÞ ¼

PSA
k ; if mþ j� lþ k < C

1�
Pk�1

r¼0
PSA

r ; if mþ j� lþ k ¼ C

8><
>: : ðC:4Þ

For the specific case of no SU assignments (i.e. k = 0), the
probability of assigning k = 0 SUs is the probability of
assigning k = 0 SUs when there is at least one free detected
channel or the probability that there are no detected free
channels, i.e.:

aS
ði;j;0;lÞ ¼ Pr NS

a ¼ 0jXn ¼ Sði;jÞ;N
S
d ¼ l

h i

¼
XC�jþl

m¼0

�aS
ðm;j;0;lÞ � bðm;iÞ þ

XC

m¼C�jþl

bðm;iÞ: ðC:5Þ

Combining (C.3) with (C.5), along with the definition in
(C.4), expression (18) is obtained.

C.4. Proof of Lemma 4

As for the de-assignment processes of SUs, there are
mainly two independent events which imply an SU de-
assignment: in the first place, a number of NS;S

d SUs may
be de-assigned provided detection at time tn determines
that there are NS;S

d SUs sharing the same channel with
PUs. Secondly, a number of NS;SC

d SUs may be de-assigned
in In simply because their sessions have ended (here, SC
stands for Service Completion).

Then, let the true state be Xn = S(i,j); the probability of
de-assigning NS;S

d ¼ k SUs in In due to detection of state
Yn = S(m,j) at time tn, given the number of de-assignments
due to service completion is NS;SC

d ¼ l, is given by:

Pr½NS;S
d ¼ kjXn ¼ Sði;jÞ;N

S;SC
d ¼ l� ¼ Pr½mþ j� l ¼ C þ k�

¼ bðCþk�jþl;iÞ; ðC:6Þ

provided that 0 < k 6 j � l. Accordingly, the probability of
no SU de-assignments due to detection of state Yn = S(m,j)

is:

Pr NS;S
d ¼ 0jXn ¼ Sði;jÞ;N

S;SC
d ¼ l

h i
¼ 1�

Xj�l

k¼1

bðCþk�jþl;iÞ: ðC:7Þ

Then, from (C.6) and (C.7), we can write:

dS;S
ði;j;k;lÞ ¼ Pr NS;S

d ¼ kjXn ¼ Sði;jÞ;N
S;SC
d ¼ l

h i

¼
bðCþk�jþl;iÞ if 0 < k 6 j� l

1�
Pj�l

r¼1
bðCþr�jþl;iÞ if k ¼ 0

8><
>:

: ðC:8Þ

On the other hand, the probability of de-assigning k SUs in
In due service completions is given by (similar to (C.2)):

dS;SC
ði;j;kÞ ¼ Pr NS;SC

d ¼ kjXn ¼ Sði;jÞ
h i

¼ Pr½NSD ¼ k� ¼ PSD
k : ðC:9Þ



2 Where conditioning to i and j has been intentionally dropped.
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Finally, we can express the global probability of de-assign-
ing k SUs in In (i.e. without specifying if the de-assignment
is due to detection or due to session completion) as:

dS
ði;j;kÞ ¼ Pr NS

d ¼ kjXn ¼ Sði;jÞ
h i

¼
Xk

r¼0

dS;S
ði;j;k�r;rÞ � d

S;SC
ði;j;rÞ: ðC:10Þ

The above expressions proof Lemma 4.

Appendix D. Proof of Theorem 2

In this appendix, a detailed derivation of all possible
transition probabilities in the DTMC model is presented.

D.1. Transition S(i,j) ? S(i+N,j) with 0 < N 6 C � i

The probability associated to transition S(i,j) ? S(i+N,j),
with 0 < N 6 C � i, is the probability to have N more PU
assignments in than PU de-assignments in In; and equal
number of SU assignments and de-assignments in In. Then,
applying conditional independence between PU and SU
processes, we can write:

PðiþN;jji;jÞ ¼ Pr NP
a � NP

d ¼ Nji; j
h i

� Pr NS
a ¼ NS

dji; j
h i

; ðD:1Þ

where multiplicative probabilities in (D.1) are given by

Pr NP
a � NP

d ¼ N
h i

¼ Pr NP
a ¼ NjNP

d ¼ 0
h i

� Pr½NP
d ¼ 0�

þ Pr NP
a ¼ N þ 1jNP

d ¼ 1
h i

� Pr NP
d ¼ 1

h i
þ Pr NP

a ¼ N þ 2jNP
d ¼ 2

h i
� Pr NP

d ¼ 2
h i

þ � � � þ Pr NP
a ¼ N þ ijNP

d ¼ i
h i

� Pr NP
d ¼ i

h i
¼ aP

ði;j;N;0Þ � d
P
ði;j;0Þ þ aP

ði;j;Nþ1;1Þ � d
P
ði;j;1Þ

þ aP
ði;j;Nþ2;2Þ � d

P
ði;j;2Þ þ � � � þ aP

ði;j;Nþi;iÞ � d
P
ði;j;iÞ

¼
Xi

k¼0

aP
ði;j;Nþk;kÞ � d

P
ði;j;kÞ

 !
; ðD:2Þ

along with

Pr NS
a ¼ NS

d

h i
¼ Pr NS

a ¼ 0jNS
d ¼ 0

h i
� Pr NS

d ¼ 0
h i

þ Pr NS
a ¼ 1jNS

d ¼ 1
h i

� Pr NS
d ¼ 1

h i
þ Pr NS

a ¼ 2jNS
d ¼ 2

h i
� Pr NS

d ¼ 2
h i

þ � � � þ Pr NS
a ¼ jjNS

d ¼ j
h i

� Pr NS
d ¼ j

h i
¼ aS

ði;j;0;0Þ � d
S
ði;j;0Þ þ aS

ði;j;1;1Þ � d
S
ði;j;1Þ

þ aS
ði;j;2;2Þ � d

S
ði;j;2Þ þ . . .þ aS

ði;j;j;jÞ � d
S
ði;j;jÞ

¼
Xj

k¼0

aS
ði;j;k;kÞ � d

S
ði;j;kÞ

 !
: ðD:3Þ

Note that, for the sake of notation relief, we have intention-
ally omitted the conditioning to i and j stated in (D.1).

Then, by replacing (D.2) and (D.3) in (D.1), we may
write

PðiþN;jji;jÞ ¼
Xi

k¼0

aP
ði;j;Nþk;kÞ � d

P
ði;j;kÞ

 !
�
Xj

k¼0

aS
ði;j;k;kÞ � d

S
ði;j;kÞ

 !
:

ðD:4Þ
D.2. Transition S(i,j) ? S(i�N,j) with 0 < N 6 i

The probability associated to transition S(i,j) ? S(i�N,j),
with 0 < N 6 i, is the probability to have N more PU de-
assignments than PU assignments in In; and equal number
of SU assignments and de-assignments in In. Then, we have

Pði�N;jji;jÞ ¼ Pr NP
d � NP

a ¼ Nji; j
h i

� Pr NS
a ¼ NS

dji; j
h i

; ðD:5Þ

where the first multiplicative term in (D.5) is given by2

Pr NP
d � NP

a ¼ N
h i

¼ Pr NP
d ¼ N

h i
� Pr NP

a ¼ 0jNP
d ¼ N

h i
þ Pr NP

d ¼ N þ 1
h i

� Pr NP
a ¼ 1jNP

d ¼ N þ 1
h i

þ Pr NP
d ¼ N þ 2

h i
� Pr NP

a ¼ 2jNP
d ¼ N þ 2

h i
þ � � � þ Pr NP

d ¼ i
h i

� Pr NP
a ¼ i� NjNP

d ¼ i
h i

¼ dP
ði;j;NÞ � aP

ði;j;0;NÞ þ dP
ði;j;Nþ1Þ � aP

ði;j;1;Nþ1Þ

þ dP
ði;j;Nþ2Þ � aP

ði;j;2;Nþ2Þ þ � � � þ dP
ði;j;iÞ � aP

ði;j;i�N;iÞ

¼
Xi�N

k¼0

dP
ði;j;NþkÞ � aP

ði;j;k;NþkÞ

 !
; ðD:6Þ

and, with Pr NS
a ¼ NS

dji; j
h i

given in (D.3), we have

Pði�N;jji;jÞ ¼
Xi�N

k¼0

dP
ði;j;NþkÞ � aP

ði;j;k;NþkÞ

 !
�
Xj

k¼0

aS
ði;j;k;kÞ � d

S
ði;j;kÞ

 !
:

ðD:7Þ
D.3. Transition S(i,j) ? S(i+N,j) with � i < N 6 C � i

In subsections D.1 and D.1 we have separately pre-
sented transitions involving an increase and decrease of
(positive) PUs respectively. We may generalize the case
of transition S(i,j) ? S(i+N,j) when N can be either positive
or negative for �i 6 N 6 C � i.

From (D.6), we have P(i�N—i), i.e. the transition probabil-
ity from having i PUs to having i � N PUs with 0 < N 6 i.
Note that this is equivalent to consider the probability
P(i+ N—i) with �i < N 6 0, i.e. negative N. Then we can re-
write (D.6) as:

PðiþNjiÞ ¼
XiþN

k¼0

dP
ði;j;k�NÞ � aP

ði;j;k;k�NÞ

 !
; ðD:8Þ

for �i < N 6 0.
With the change of variable t = k � N in (D.8), we have:

PðiþNjiÞ ¼
Xi

t¼�N

dP
ði;j;tÞ � aP

ði;j;tþN;tÞ

 !
; ðD:9Þ

for �i 6 N 6 0, which resembles transition probability
P(i+N—i) for 0 < N 6 C � i given in (D.2), except for the sum-
mation index starting value. Nevertheless, we can state the
general expression for the transition probability S(i,j) ? -
S(i+N,j) for �i 6 N 6 C � i as:
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PðiþN;jji;jÞ ¼
Xi

k¼maxð�N;0Þ
aP
ði;j;Nþk;kÞ �d

P
ði;j;kÞ

0
@

1
A � Xj

k¼0

aS
ði;j;k;kÞ �d

S
ði;j;kÞ

 !
:

ðD:10Þ

For the case of transition probabilities due to the assign-
ment or de-assignment of SUs, an analogous expression
to (D.10) can be derived, yielding, for the transition S(i,j) ? -
S(i,j+M) with �j 6M 6 C � j � i:

Pði;jþMji;jÞ ¼
Xj

k¼maxð�M;0Þ
aS
ði;j;Mþk;kÞ �d

S
ði;j;kÞ

0
@

1
A � Xi

k¼0

aP
ði;j;k;kÞ �d

P
ði;j;kÞ

 !
:

ðD:11Þ

Finally, from (D.10) and (D.11), expression (23) is obtained.
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