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Abstract—Fairness is a crucial aspect for resource allocation in
wireless systems, particularly in the downlink of 4G Orthogonal
Frequency Division Multiple Access (OFDMA)-based systems.
Therefore, it would be interesting for network operators to have
tools to manage fairness in their systems. This work describes
the utility-based beta-rule, which is a flexible resource allocation
framework based on utility theory that is able to control delay-
based fairness in a scenario with real time services in an OFDMA-
based system. Not only can this framework be designed to work
as well-known classical policies found in the literature, but also
as an adaptive policy, which is able to meet a desired system
fairness target. System-level simulations demonstrate that the
adaptive policy is able to guarantee a fairness requirement by
dynamically adapting a fairness-controlling parameter in the sub-
carrier assignment algorithm. It also presents better results than
the classical policies in terms of cell capacity and user satisfaction.

I. INTRODUCTION

Efficiency in the usage of radio resources, fairness and
user satisfaction are crucial aspects for resource allocation in
wireless systems, particularly in the downlink of 4G Orthogo-
nal Frequency Division Multiple Access (OFDMA)-based sys-
tems. These three aspects are interrelated intrinsically, which
generates fundamental trade-offs between them. Therefore, a
better understanding of what fairness means and how it can
be controlled by means of Radio Resource Allocation (RRA)
techniques is of utmost importance.

Fairness is related to the notion of how equal is the number
of resources allocated (resource-based) or how similar is the
service quality experienced by the players (QoS-based). More
insightful information about fairness can be found in [1].

Regarding Quality of Service (QoS)-based fairness, it is
well known that the inherent characteristics and transmission
requirements of Real Time (RT) traffic differ from those of
Non-Real Time (NRT) data traffics. RT services, such as Voice
over IP (VoIP), require a low and bounded delay, while NRT
services, such as World Wide Web (WWW), are not delay-
sensitive but require an overall high throughput. Due to these
factors, the packet delay can be used as a fairness indicator in
a scenario with RT services, while rate or throughput can be
used as fairness indicators in a scenario with NRT services.

Utility Theory is a powerful tool that can be used to design
RRA algorithms able to achieve different levels of fairness
in the resource allocation process [2]. This theory can be

used in communication networks to quantify the benefit of
usage of certain resources, e.g. bandwidth, power; or evaluate
the degree to which a network satisfies service requirement
of users’ applications, for example in terms of throughput
and delay. In particular, this work considers the flexibility of
utility functions to propose an adaptive RRA framework able
to provide long-term fairness control for RT services.

II. RELATED WORK

Some works have dealt with fairness issues for RT ser-
vices implicitly. These works can be classified in two main
approaches: Packet Scheduling (PSC) and utility theory.

The opportunistic PSC algorithms suitable for RT services
found in the literature have priority functions that always use
an efficiency indicator, such as the instantaneous transmission
rate (rate maximization policy) or the ratio between the
instantaneous transmission rate and throughput (proportional
fairness policy), and a QoS indicator based on delay. In this
way, these PSC algorithms implicitly add to the problem some
kind of delay-based fairness, because the flows that presented
higher delays would have more priority to use the resources.
Some examplary works are [3]–[6].

The utility-based PSC algorithms adopted a more general
procedure. In the case of RT services, the QoS indicator used
in the priority functions is a marginal utility function based on
delay. For example, [7] and [8] used z-shaped utility functions
while [9] used particularly designed utility functions. Notice
that the utility-based approach is more general than classical
PSC priority functions because the utility functions can be
freely designed to provide the desired fairness control.

As far as we are concerned, reference [10] was the first
work to use the utility fairness concept to propose a general
RRA policy suitable for RT services. The authors in [10]
proposed a parametric utility-based RRA framework called
utility-based beta-rule. This framework can be designed to
work as some well-known classical RRA policies by adjusting
only the fairness controlling parameter β in its parametric
structure. This flexible RRA framework can be dynamically
configured depending on the network conditions and the
network operator’s objectives. It was initially meant to manage
the trade-off between efficiency in the resource usage and
delay-based fairness in a scenario with RT services.
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The present work aims to deepen the mathematical for-
mulation and the performance evaluation of the utility-based
beta-rule framework proposed in [10]. We focus on the
detailed description of the Adaptive Delay-Based Fairness
(ADF) policy, which is able to perform a long-term fairness
control by dynamically adapting the utility function used in
the framework in order to keep the system fairness around a
planned value.

III. UTILITY-BASED RESOURCE ALLOCATION FOR REAL

TIME SERVICES IN OFDMA NETWORKS

The utility optimization problem considered in this work
has the following objective function:

max
Sj ,p

J∑
j=1

U
(
dholj [n]

)
. (1)

The optimization constraints are: 1) the subsets of sub-carriers
assigned to different users must be disjoint; 2) the union of
all these subsets must be contained in the total set of sub-
carriers available in the system; 3) the powers allocated to the
sub-carriers are positive; and 4) the total sum of the powers
over all sub-carriers must not surpass the total Base Station
(BS) transmit power. We have that J is the total number of
Mobile Terminals (MTs) in the macrocell, Sj is the subset
of sub-carriers assigned to the jth MT, p is the vector of
powers for all sub-carriers, and U

(
dholj [n]

)
is a concave and

decreasing utility function based on the current Head-Of-Line
(HOL) delay dholj [n] of the jth MT.
The HOL delay is the time the oldest packet in the user

buffer has to wait to gain access to the wireless channel. Con-
sidering a generic MT j, it can be calculated approximately
by the following recursive equation:

dholj [n+ 1] = dholj [n] +
bholj [n]−Rj [n] · ttti

Tj [n− 1]
(2)

where bholj [n] is the current number of bits in the HOL packet,
ttti is the duration of the Transmission Time Interval (TTI)
in seconds, Tj [n− 1] is the average data rate (throughput)
up to the previous transmission interval and Rj [n] is the
instantaneous achievable transmission rate. If the jth MT has
not been served by any sub-carrier in the nth TTI, Rj [n] is
equal to zero and the HOL delay is incremented. This delay
increment is calculated assuming that the remaining bits of
the HOL packet will be transmitted using a rate equal to
the throughput experienced so far by the MT. For sake of
simplicity, we assume that the packets’ interarrival time is
equal to the TTI duration. Although the packet interarrival time
depends on the type of application, this assumption does not
invalidate the mathematical and conceptual RRA framework,
and make the optimization model much more tractable. Taking
this into account, one can see in (2) that if the instantaneous
transmission rate is such that all remaining bits of the HOL
packet are transmitted in the current TTI, the HOL delay
remains constant because the previous packet in the buffer
will be the HOL packet now. Finally, the HOL delay is

decremented when the instantaneous achievable transmission
rate is high enough to transmit the remaining bits of the HOL
packet and some bits of the preceding packets in the queue.

Depending of the utility function used in (1), the optimum
solution for the joint optimization problem is very difficult
to be found. Most of the sub-optimum solutions are based
on the problem-splitting technique, which splits the problem
in two stages: first, sub-carrier assignment with fixed power
allocation, and next, power allocation with fixed sub-carrier
assignment. In the present work, we also use this technique.

Firstly, we will evaluate the optimization problem more
carefully and make some simplifications. Assessing the ob-
jective function in (1) and the HOL delay expression in (2),
we can see that the derivative of U

(
dholj

)
with respect to the

transmission rate Rj can be expressed as:

∂U

∂Rj

=
∂U

∂dholj

·
∂dholj

∂Rj

=
∂U

∂dholj

·

(
−

ttti
Tj [n− 1]

)
.

Using the result above and assuming that the TTI duration is
sufficiently small, the Lagrange theorem of the mean can be
used, which says that [8], [11]:

J∑
j=1

U
(
dholj [n+ 1]

)
−

J∑
j=1

U
(
dholj [n]

)

≈

J∑
j=1

∂U

∂Rj

∣∣∣∣
Rj=Rj [n−1]

· (Rj [n]−Rj [n− 1])

=

J∑
j=1

−
∂U

∂dholj

∣∣∣∣
dhol

j
=dhol

j
[n]

·
ttti · (Rj [n]−Rj [n− 1])

Tj [n− 1]

=

J∑
j=1

∣∣∣∣∣
∂U

∂dholj

∣∣∣∣∣
∣∣∣∣
dhol

j
=dhol

j
[n]

·
ttti · (Rj [n]−Rj [n− 1])

Tj [n− 1]
(3)

The absolute value operator was used in (3) because the
utility function was assumed to be concave and decreasing,
which yields negative marginal utilities and cancels the nega-
tive sign in (3). Notice that the maximization of (3) leads to the
maximization of (1). In (3) we have that ttti is a constant and
Rj [n− 1] is known and fixed at the nth TTI. So a simplified
optimization objective function can be expressed as:

max
Sj ,p

J∑
j=1

∣∣∣U ′
(
dholj [n]

)∣∣∣
Tj [n− 1]

·Rj [n] (4)

where U
′
(
dholj [n]

)
=

∂U(dhol

j )
∂dhol

j

∣∣∣∣
dhol

j
=dhol

j
[n]

is the marginal

utility of the jth MT with respect to its current HOL delay,
and dholj [n] can be obtained from the recursive equation (2).
The problem (4) is a weighted sum rate maximization [12],
where the weights are given by

wrt
j =

∣∣∣U ′
(
dholj [n]

)∣∣∣
Tj [n− 1]

. (5)

One can also notice that the optimization objective function
in (4) is a linear function of Rj [n]. According to [8], [11],
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we can rely on this fact to state that the Dynamic Sub-carrier
Assignment (DSA) problem with equal power allocation for
RT services employs the following reasoning: the MT with
index m(k, n) is chosen to transmit on the kth sub-carrier at
the nth TTI if it satisfies the condition given by (6) below:

m(k, n) = argmax
j

{
wrt

j · cj,k [n]
}
, (6)

where the weight wrt
j is given by (5) and cj,k [n] denotes

the instantaneous achievable transmission efficiency of the kth
sub-carrier with respect to the jth MT assuming equal power
allocation per sub-carrier. Notice that the users that have higher
weights wrt

j will have priority in the sub-carrier assignment
procedure. Therefore, this user prioritization can be used to
adapt the fairness in the system.

Finally, the power allocation among the sub-carriers must
be done. In this work we consider Equal Power Allocation
(EPA) instead of Adaptive Power Allocation (APA), since it
has been shown in [10] that the utility-based beta-rule with
EPA has almost the same performance than APA with less
computational complexity.

IV. ADAPTIVE FRAMEWORK FOR FAIRNESS CONTROL

A. Utility-Based Beta-Rule

We consider a novel family of utility functions based on the
HOL delay of the form presented below:

U
(
dholj [n]

)
= −

(
dholj [n]

)1+β

1 + β
(7)

where β ∈ [0,∞) is a non-negative parameter that determines
the degree of delay-based fairness.

It is clear that the longer the HOL delay a user experiences,
the lower level of satisfaction the user has. Thus, we can
assume that U

(
dholj

)
is a decreasing and strictly concave

function. This implies that the marginal utility, which is the
derivative ∂U/∂dholj is a negative and decreasing function.
However, the absolute value of the marginal utility is used in
our proposed RRA policy, as a component of the weight wrt

j

given by (5). Looking at (5), one can clearly see that the higher
the weight wrt

j , i.e. the higher the HOL delay experienced by
a given MT, the higher will be the priority of this MT to get
a sub-carrier. And such priority is higher when β increases.
Therefore, one can conclude that when β increases, the MTs
with poorest QoS (higher HOL delay) are benefited, and so
the fairness in the system becomes stricter.

The expression of the weight wrt
j is particularized for the

utility function (7) as follows:

wrt
j =

(
dholj [n]

)β
Tj [n− 1]

. (8)

This particular weight must be used in the DSA algorithm,
which is given by (6).

Different performances in terms of resource efficiency and
delay-based fairness can be achieved depending on the value
of the fairness controlling parameter β. Varying β, the beta-
rule framework presented above can be designed to work

as different classical RRA policies suitable for RT services,
such as Proportional Fairness (PF) [13], Modified Largest
Weighted Delay First (M-LWDF) [3] and First-In-First-Out
(FIFO) [4]. Moreover, this work also proposes a novel adaptive
policy called Adaptive Delay-Based Fairness (ADF), which is
described in section IV-B. Table I summarizes the main char-
acteristics of the beta-rule framework and the four particular
RRA policies contemplated by this framework.

TABLE I
FEATURES OF THE UTILITY-BASED BETA-RULE FRAMEWORK

Policies β wrt
j Characteristics

PF 0
1

Tj [n− 1]
High efficiency and

low fairness

M-LWDF 1
dholj [n]

Tj [n− 1]
Static trade-off b/w

efficiency and fairness

FIFO β →∞ lim
β→∞

dholj [n]β

Tj [n− 1]
Low efficiency and

high fairness

ADF adaptive
dholj [n]β

Tj [n− 1]
Dynamic trade-off b/w

efficiency and fairness

B. Adaptive Delay-Based Fairness (ADF)

It was shown that a general RRA technique based on (7) is
able to provide several degrees of delay-based fairness. The
ADF policy explores this flexibility in order to perform a
delay-based fairness control planned by the network operator
in a scenario with RT services. This is done by means of the
adaptation of the fairness controlling parameter β within the
utility-based beta-rule framework shown in Table I.

Notice that it is not necessary to use the whole range of β
values in order to achieve suitable fairness degrees. In fact,
the delay-based fairness control is very sensitive to the value
of β. Thus, we have that small values are sufficient to provide
desired fairness degrees on the ADF DSA algorithm.

The ADF policy is based on the definition of the User
Fairness Index (UFI) φrt

j , which depends on the filtered HOL
delay and is calculated for each MT in the cell. The UFI
changes with time and is defined as:

φrt
j [n] =

dreqj

dhol,filtj [n]
(9)

Normally, the delay requirement of the jth MT dreqj is the
same for all users of the same type and is equal to the delay
budget of the RT service (maximum time that a packet can
spend in the buffer before being discarded). Note that in (9), a
filtered version of the HOL delay using a low-pass exponential
filtering was considered. This was done in order to smooth the
time series and allow a more stable control of the fairness.

Next, a fairness index for the whole cell comprising all RT
flows is defined by

Φrt
cell [n] =

(∑J
j=1 φ

rt
j [n]

)2

J ·
∑J

j=1

(
φrt
j [n]

)2 , (10)
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where J is the number of MTs in the cell. This proposed Cell
Fairness Index (CFI) is a particularization of the well-known
Jain’s fairness index proposed by Jain et al. in [14].

Notice that 1/J ≤ Φrt
cell [n] ≤ 1, where J is the total number

of MTs in the cell. A perfect fair allocation is achieved when
Φrt

cell [n] = 1, which means that the HOL packet delays of all
MTs are equally proportional to their delay requirements (all
user fairness indexes are equal). The worst allocation occurs
when Φrt

cell [n] = 1/J , which means that all sub-carriers were
allocated to only one MT, i.e. the HOL packet delay of one
user is very low while the others are very high. It is relevant
to emphasize that the fairness calculation procedure presented
above is general in the sense that different classes of RT users
with different delay requirements can be contemplated.

The objective of the ADF policy is guarantee that the
instantaneous CFI Φrt

cell [n] converges to a planned value
Φrt

target by adapting the parameter β in the utility-based beta-
rule framework. The parameter β is adapted using a feedback
control loop, as indicated below.

β [n] = β [n− 1]− ηrt ·
(
Φrt

filt [n]− Φrt
target

)
(11)

where Φrt
filt [n] is a filtered version of the CFI Φrt

cell [n] using
an exponential smoothing filtering; Φrt

target is the desired value
for the CFI (Cell Fairness Target (CFT)); and the parameter
ηrt is a step size that controls the adaptation speed of β.

The ADF technique is an iterative and sequential process.
At each TTI, the steps indicated in Fig. 1 are executed. After
some iterations (TTIs), the ADF technique reaches a stable
convergence of the fairness pattern defined by the target CFI.
The simplicity of the ADF policy makes it a robust and reliable
way to control the trade-off between resource efficiency and
delay-based fairness among RT flows. By keeping the cell
fairness around a planned target value, the network operator
can have a stricter control of the network QoS and also have
a good prediction about the performance in terms of system
capacity.

In order to illustrate the convergence of the ADF technique,
we present Fig. 2. It shows an example of the convergence of
the filtered CFI Φrt

filt when considering a CFT equal to 0.8
(Fig. 2(a)). In this figure, two different step sizes ηrt, which
are used in the control loop of the parameter β (see expression
(11)), are assessed. It can be noticed that a higher value of ηrt
allows a faster convergence in comparison with a lower value,
but the steady-state error is also higher.

Fig. 2(b) shows how the parameter β responds to the
variation of the filtered CFI Φrt

filt. When Φrt
filt is higher than

0.8, which is the chosen CFT, the ADF technique decreases
β in order to decrease the fairness in the system to a value
closer to the desired target. Otherwise, when the filtered cell
fairness index is not sufficiently high, β must be increased
by the control loop, which forces the resource allocation to
be fairer. This control is done indefinitely, which allows the
convergence of Φrt

filt, and consequently a strict control of the
delay-based fairness in the system.

Cell Fairness 
Target (CFT)

Execute the DSA algorithm 
according to Eq. (6)

Execute the EPA algorithm

F-CFI > CFT ?

Decrease beta
according to Eq. (11)

Increase beta
according to Eq. (11)

Calculate the Cell Fairness Index 
(CFI) according to Eq. (10)

Calculate the filtered CFI (F-CFI)

y n

Calculate the utility -based weight 
factor according to Eq. (8)

Fig. 1. Block diagram of the Adaptive Delay-Based Fairness (ADF) technique

V. SIMULATION RESULTS

The performance of the utility-based beta-rule framework is
evaluated by means of system-level simulations. The simula-
tions took into account the main characteristics of an OFDMA
system. The simulation parameters are depicted in Table II.

A. Fairness Analysis

In Fig. 3 the fairness results are shown. We can see that the
two extremes are clear: FIFO provides the highest fairness,
while PF is the worst. In particular, PF shows a monotonically
behavior, where the fairness index decreases with the increase
of the number of users. When there are more users in the
system, PF is able to better explore the multi-user diversity
and a more opportunistic allocation causes a fairness decrease.
FIFO presents the highest fairness, which means that it is the
best policy at equalizing the values of the HOL delays of
the users. M-LWDF and ADF have an intermediate behavior
between FIFO and PF, in accordance with our expectations.

Notice that M-LWDF presents a fairness curve that slightly
increases with the system load. This is due to the fact that
the system is becoming congested for the range of loads
considered in the simulations. Overload situations in a scenario
with RT services is characterized by high delay-based fairness
and poor QoS (compromise between fairness and QoS). This
is the case of the FIFO policy that provides the maximum
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Fig. 2. Convergence analysis of the ADF Policy

fairness at the expense of unacceptable delays. Since PF uses
the resources more efficiently, it is able to avoid congestion
for the range of loads considered. We have that M-LWDF is a
static trade-off between FIFO and PF, so it presents worse QoS
and higher delay-based fairness as the system becomes more
congested. On the other hand, the ADF policy is very precise
at controlling the fairness levels and efficient at preventing the
system from being congested, as can be observed in Fig. 3.
Due to the structure of the utility-based beta-rule framework
and the limited range for the adaptation of the parameter
β, the performance of the ADF policy is constrained by the
performances of FIFO (maximum β) and PF (minimum β).

B. Efficiency Analysis

In Fig. 4, the total cell throughput for the RRA policies
is given. As expected, the worst performance is presented by
FIFO, because it only takes the delay information into account,
which may lead to an inefficient resource allocation. The other
policies, which give more importance to the channel quality

TABLE II
SIMULATION PARAMETERS

Parameter Value
Number of cells 1
Maximum BS transmission power 1 W
Cell radius 500 m
MT speed static
Carrier frequency 2 GHz
Number of sub-carriers 192
Effective sub-carrier bandwidth 14 kHz
Path lossa L = 128.1 + 37.6 log10 d
Log-normal shadowing standard dev. 8 dB
Small-scale fading 3GPP Typical Urban (TU)
AWGN power per sub-carrier -123.24 dBm
BER requirement 10−6

Link adaptation Continuous using effective
Shannon capacity formula [11]

Transmission Time Interval (TTI) 0.5 ms
RT traffic model Packets of 32 bytes

with interarrival time of 2 ms
HOL delay filtering constant (fdelay) 100
β range [0,10]
ADF control time window 0.5 ms
ADF fairness target (Φrt

target) Variable
ADF step size (ηrt) 0.1
ADF filtering time constant 10
FER threshold 2%
RT delay budget 100 ms
Simulation time span 5 s
Number of independent runs 70

a d is the distance to the BS in km.

and use the resources more efficiently, show similar behavior
with higher system capacity. Notice that the ADF policy
configured with a CFT equal to 1.0 presents a cell capacity
much higher than FIFO, even though both are equivalent in
terms of delay-based fairness (see Fig. 3).

C. Satisfaction Analysis

A RT user is considered satisfied if its Frame Erasure Rate
(FER) is lower than a threshold. In our simulation model,
we assume that a frame is lost if a packet arrives at the MT
receiver later than the delay budget of the RT service. The
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Fig. 3. Mean cell fairness index as a function of the number of users
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Fig. 4. Total cell throughput as a function of the number of users

values of the FER threshold and the delay budget considered
in the simulations are presented in Table II.

The satisfaction of the RT users, which is based on the
percentage of packets discarded due to excessive delay, is
presented in Fig. 5. The QoS degradation provoked by the
FIFO policy is clear. Although FIFO takes into account the
delay in its allocation criterion, it is the one that presents
the highest packet delays. This shows that the fact of not
exploiting the OFDMA diversities is not beneficial in terms of
QoS. Furthermore, when the system load increases, it causes
the system to become stuck, i.e. the majority of the packets are
discarded because they have a delay greater than 100 ms. All
other RRA policies present similar performance regarding user
satisfaction. Although the ADF policy with CFT equal to 1.0
shows a performance similar to FIFO in terms of delay-based
fairness, it provides a much better satisfaction.

VI. CONCLUSIONS

The utility-based beta-rule framework described in this work
is able to provide several degrees of fairness based on HOL
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Fig. 5. User satisfaction as a function of the number of users

delay. The adaptive ADF policy controls the fairness in the
system by setting a fairness index target and letting the utility-
based adaptive policy control the fairness dynamically.

The ADF policy is able to converge the cell fairness index
to any target fairness index defined by the network operator.
This fairness control is bounded by the structure of the beta-
rule framework, i.e. the minimum and maximum fairness
performance depends on the allowed range of values for the
parameter β. The ADF policy is robust in terms of cell capacity
and user satisfaction for all CFTs considered in our study.
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